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Abstract. We prove Behrend's conjecture on the rationality of the canonical 
reduction of principal bundles and reductive group schemes for classical groups 
(except for one case in characteristic 2) and give new bounds for the conjecture 
for exceptional groups. However we find a counterexample in the case of G2- 
bundles in characteristic 2. 



It is a classical result that the Harder-Narasimhan filtration of a vector bundle 
is defined over any base field. In [T] Behrend made a cohomological conjecture 
which implies the rationality of the canonical destabilizing reduction for arbitrary 
reductive group schemes. In [S] we have shown that this conjecture also implies 
the projectivity of the moduli spaces of semistable bundles on a curve, which have 
been constructed by Gomez, Langer, Schmitt and Sols in [5]. The purpose of this 
note is twofold. First, we prove that Behrend's conjecture holds for classical groups 
(except for orthogonal groups in characteristic 2) and improve the known bounds 
on the characteristic of the ground field in the case of exceptional groups. Second, 
we give a counterexample to the conjecture for the group G2 in characteristic 2, 
which we also use to construct an example of an unstable G2-bundle for which the 
canonical reduction is only defined after an inseparable base extension. 

In order to state the precise result let us briefly recall Behrend's conjecture in 
the language of principal bundles (see Section \T\ for the general case) . Let C/k be 
a smooth projective curve, G a reductive group over k and let P be a G-torsor on 
C. Let P C G be a parabolic subgroup and Vp be a reduction of P to P, i.e. Vp 
is a P-torsor on C together with an isomorphism Vp x p G = P. Such a reduction 
is called canonical if the following two conditions are satisfied: 

(1) V/R U {P) is a semistable P/P u (P)-bundle. 

(2) For any parabolic subgroup Q C G with P C Q let \ '■ P —> G m be the 
character given by det(Lie(Q)/ Lie(P)). Then deg(P(x)) < 0. 

Behrend proved that a unique canonical reduction exists over the perfect closure 
/fcP° rf of k. 

Conjecture 1 (Behrend). Let V be a G-torsor on C/k. Let P C G be a parabolic 
subgroup such that the canonical reduction of V is a reduction to P and denote by 
Vp the corresponding P -bundle. Let g,p be the Lie-algebras of G and P. 
Then H°{C,Vp x p g/p) = 0. 

As we will recall below, Behrend's conjecture implies that the canonical reduction 
exists over any field and even in families if all bundles of the family have the same 
type of instability. However, for the proof of the conjecture we may assume that 
the base field k is algebraically closed, since the conjecture only claims that some 
vector bundle on C doesn't have global sections. 

We want to show that Behrend's conjecture holds in the following cases: 

Theorem 1. (1) The conjecture holds if G is of type A n ,C n and if the char- 
acteristic of k is ^ 2 then it holds for B n , D n . 
(2) The conjecture holds if G is of type G2 and the characteristic of k is 2. 
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(3) If the characteristic of k is 2 and the curve C has genus g > 1 then the 
conjecture does not hold for G = G2 ■ 

(4) If the characteristic of k is > 7 then the conjecture holds for groups of type 
F 4 or E 6 . 

(5) If the characteristic of k is > 13 then the conjecture holds for groups of type 
E 7 . 

(6) If the characteristic of k is > 31 then the conjecture holds for groups of type 
E s . 

Corollary 2. The semistable reduction theorem o/|[5] holds if G and char(/c) satisfy 
one of the conditions 1,2,4,5,6 of Theorem^ 

In particular these conditions imply that the moduli-space of semistable G-bundles 
is projective. 

The last part of the theorem, giving the bounds for F4 and E n is a simple 
improvement on the argument given by Biswas and Holla [3] , using low height rep- 
resentations. Our main point is to analyze why the corresponding bounds are not 
optimal and to use this analysis to construct a counterexample to the conjecture. 
To prove the theorem, we need explicit descriptions of the Chevalley groups, be- 
cause in small characteristics the representations occurring in g/p are no longer 
determined by their weights. For classical groups this is standard. For G2 the ex- 
plicit description which helps to prove the conjecture if char(fc) > 2 also allows us to 
construct a counterexample in characteristic 2. (Note that for G2 in characteristic 
> 3 one could alternatively use Subramanian's result [15] to argue as in the case of 
orthogonal groups.) 

The organisation of the article is as follows. In Section [1] we recall Behrend's 
formulation of the conjecture in the language of group schemes over a curve and 
explain why the seemingly more restrictive formulation given above is equivalent 
to the original formulation. In Section [2] we give the argument for classical groups, 
which is probably well known, since it essentially follows from an argument of 
Ramanan. However, I could not find a reference for Behrend's conjecture in this 
case. In Section [3] we give the argument for the exceptional groups and finally in 
Section U] we study the case of G2 ■ 

After this article was published, C. Pauly has applied the strategy we use for 
G2 to study orthogonal groups in characteristic 2 and managed to construct coun- 
terexamples to the conjecture for these groups. 

Acknowledgments. These notes probably would not exist without the encour- 
agement of Alexander Schmitt, whom I also would like thank for the careful reading 
of a previous version of the manuscript. 

1. Reduction to the case of constant group schemes 

In this section we want to reduce Behrend's general conjecture (pQ, Conjecture 
7.6) to the case of torsors under constant group schemes. In particular we have to 
justify our reformulation of Behrend's conjecture. In order to do this, we have to 
recall the definition of the numerical invariants of a parabolic subgroup. 

Fix a reductive group scheme G on C. Let P C G be a parabolic subgroup 
scheme (i.e. G/P is projective over C). Denote by R U {P) the unipotent radical of 
P. Then by ([7], Expose XXVI, Proposition 2.1) R U (P) has a canonical filtration: 

R U (P) = U DU 1 DU 2 D---D(1) 

by normal subgroups, defined as follows: First assume that G is a split group 
scheme, and choose T C P a maximal torus and T C B C P a Borel subgroup, 
corresponding to a set of simple roots a±, ■ ■ ■ ,a r . For any root a we denote by U a 
the corresponding root subgroup. The group P defines a subset t(P) = {a\, . . . ,a s } 
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of those simple roots, such that — a.% is not a root of P. This subset is called the 
type of P. Now Ui is the subgroup of R U (P) generated by those root subgroups 
U a C R U (P) such that a = Xw=i n j a j + J2k= s +i m kOtk with J2j=i n j > This 
is independent of the choice of T and therefore for general G we can define Ui by 
descent for a flat covering U — > G over which G splits ([7] Expose XXVI, Proposition 
2.1). 

One can refine this filtration. In case G is a split group we use the notation as 
above and denote by <E> + the set of positive roots. For any simple root oti E t(P) de- 
note by $ Qi := {a € = a* + X^= s +i "jO,'}- Then J7 /J7i = ©? = i(©ae* ai Cc.) 
and the action of P on J7 respects this direct sum decomposition. Since the com- 
mutator of elements in Uq lies in U\ the quotient Uo/Ui is abelian and therefore 
the direct sum decomposes Uq/U\ into a direct sum of vector bundles on C. For 
general G the set t(P) defines a subscheme of the Dynkin scheme of G, which has 
several connected components Ok C t(P) and for each of those the vector bundles 
W(P,o k ) := (ffia6* Ua) are still defined over C. 

Bchrcnd defines the numerical invariants of P as 

n(P,o k ) :=deg{W(P,o k )). 

Definition 1 (Behrend). The group scheme G is called semistable if for all para- 
bolic subgroups P C G and all connected components Ok C t(P) we have n(P, Ok) < 
0. 

A parabolic subgroup P C G is called canonical, if the reductive part P/R U (P) 
is semi-stable and all the numerical invariants satisfy n(P,Ok) > 0. 

Conjecture 2 (Behrend [I], 7.6). A ssume that G is a reductive group scheme over 
C and that P C G is the canonical parabolic subgroup of G. Then 

H°(C,Uc(G)/Uc{P)) = 0. 

Lemma 3. If Conjecture^ holds for reductive group schemes G over C which are 
inner forms of some fixed type, then the conjecture holds for all reductive group 
schemes of the same type. 

Proof. From [T], Corollary 7.4, we know that a subgroup P C G is canonical if 
and only if for some finite separable cover p : C' — > C the subgroup p*P C p*G 
is canonical. Furthermore, there exists p : C' — > C such that p*G is an inner 
form ([2 , Lemma 3.1) and ff°(C,Lie(G)/Lie(P)) ^ i?°(C,p*(Lie(G)/Lie(P))) = 
H°{C , 1 Ue{p*G)/Ue( P *P)). □ 

Lemma 4. Let Go be a split reductive group scheme over k. Then Conjecture^ for 
group schemes G over C which are inner forms of Gq is equivalent to Conjecture \T\ 
for principal Go-bundles. 

Proof. The condition that G is an inner form means that there exists a Go-torsor 

V on C such that G = Aut Go (P) = V x G °' conj G , where G acts by conjugation on 
Go- In particular given a type t(P) of parabolic subgroups of G, let P C Go be a 
subgroup of the same type. Then parabolic subgroups of G of type t(P) are the same 
as reductions Vp of V to Pq, since both are parametrised by sections of G/P = 

V x Go Gq/Pq = V/Pq. Finally under this equivalence Lie(P) = Vp x p ° Lie(P ) 
and Lie(G)/ Lie(P) = Vp a x p ° Lie(Go)/Lie(Po). Thus we only have to check that 
the notions of canonical reduction and canonical subgroup coincide under the above 
equivalence. 

The connected components o C t(P) parametrise the parabolic subgroups Q a 
containing P which are minimal with respect to this property. The numerical 
invariant n(P, o) = deg(P(x)) is given by a character which is of the form \ — 
n (E ai eo Q ') + ^2j> s n j a ji i- e - X is a multiple of the orthogonal projection of 
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(E Qi£o "i) G X*(X) ontoX*(P). Thus n(P,o) = -c-deg(Vx Po (Lie(Q o )/Lie(P )) 
for some c > 0. This shows that the two notions of canonical reduction coincide. □ 

Thus we have shown that the conjectures [T] and [Hare equivalent. 

To end this section we briefly recall why Behrend's conjecture implies the ra- 
tionality of the canonical reduction. Let P C G be a parabolic subgroup. Denote 
by Bunc the moduli stack of G-bundles and by Bunp the moduli stack of P- 
bundles. The tangent stack of Bun^ at a bundle V is the quotient [H l (C, V x G 
He(G))/H°(C,V x G Lie(G))] and similarly for a P-bundle V P the tangent stack 
is [H X {C,V P x p hic(P))/H°{C,Pp x p Lie(P))]. Thus the long exact sequence in 
cohomology shows that the representable morphism Bunp — > Bung is an immer- 
sion at bundles Vp which define the canonical reduction of Vp x p G, if and only if 
Behrend's conjecture is true. Since Behrend proved that the canonical reduction is 
unique Proposition 8.2) the map is radiciel at such bundles, i.e., the geometric 
fibres contain only one point. This shows that the map is a locally closed immersion 
and therefore the canonical reduction must be rational. 

2. Classical groups 

In this section we want to show that Behrend's conjecture holds for groups of 
type A n , C n and if char(fc) > 2 then the conjecture also holds for groups of type 
B n ,D n . This is straightforward, but let us give the argument. 

First of all the statement of the conjecture implies that it is sufficient to prove 
the conjecture for split adjoint groups i.e., PGL„, PSO„, PSp„. Since we consider 
bundles over curves all these bundles are induced from principal bundles for the 
groups GL„, GSO„, GSp„ (the obstruction lies in H 2 (C,G m ) — if C is a curve 
over an algebraically closed field). Therefore we may assume that the group G 
classifies vector bundles (in case A n ) respectively vector bundles together with a 
non-degenerate bilinear form (symmetric in the cases B n , D n and alternating in case 
C n ) with values in some line bundle. For groups of type B n , D n in characteristic 2 
we will have to consider vector bundles together with a quadratic form. This will 
be done in the next section. The following proposition is a variant of a result of 
Ramanan ([13], Proposition 4.2): 

Proposition 1 (Ramanan). Let {£, b : £ — > £ v ®£) be a vector bundle together with 
a non- degenerate bilinear form b, either symmetric or alternating, corresponding to 
the principal G -bundle P. 

Then the maximal destabilising subbundle £ max CI £ is isotropic and the canonical 
reduction of V is given by the stabiliser of the Harder- Narasimhan- flag £' C £ . 

Proof. The parabolic subgroups of GSp„ (resp. GSO m ) are given as stabilisers of 
flags of isotropic subspaces. Therefore a reduction to a parabolic subgroup of a 
GSp ?l -bundle is given by a flag of isotropic subbundles of the corresponding vector 
bundle with alternating bilinear form. 

First we show that the subbundle of maximal slope £ max C £ is isotropic. The 
bilinear form defines a morphism: 

Smax -» £ -» £ V 8> C C« ® C 

But ^(<?max ® £) < n{£ v <8> C) = fJ,(£ ) < /u(£ max ) and both bundles are semi-stable, 
so this morphism must be zero. Thus £ max is isotropic. Inductively, replacing £ 
by ^max/^max we see that the Harder-Narasimhan-flag £' defines a flag of isotropic 
subbundles of £. 

Now from the standard embedding GSp„ C GL„ (resp. GSO„ C GL„) one sees 
that the Lie(P)-bundle corresponding to a flag of isotropic subbundles £ i C • • • C 
£ r C £ has a filtration by bundles such that the subquotients are of the form 
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Hom{£i/Si-i,£j/£j-x) with i > j and Sym 2 (£i/£i_i) <g> £ v (resp. A 2 £i/£i-i ® £ v 
in the case GSO„). The last two occur, since b defines isomorphisms — > 
(£ r+ i_i/£ r _i) v (8) £ and thus the bundles arise as the subbundles of symmetric 
(resp. antisymmetric) morphisms in Wom((£i/£j_i) , <g)£ v . In particular 

the numerical invariants of the principal P-bundle are sums of degrees of these 
subquotients. 

Thus the principal bundle V is semistable if and only if the associated vector 
bundle £ is semistable and for any reduction to P the corresponding P/R U {P)- 
bundle is semistable if and only if the subquotients of the corresponding filtration 
of £ are semistable. Finally the canonical reduction of £ defines a reduction of 
V, such that the numerical invariants are positive, so this must be the canonical 
reduction of V . □ 

Corollary 5. Let (£, b) be a vector bundle together with a non- degenerate bilinear 
form, either symmetric or alternating. Let Vp be the canonical reduction of the 
corresponding G-bundle. Then H°(C,V P x p Lie(G)/ Lie(P)) = 0. 

Proof. As in the last proposition the vector bundle Vp x p Lie(G)/Lie(P) has a 
filtration such that the subquotients are either isomorphic to Hom(£j /£j—i, £i/£i—±) 
with i < j or to the subsheaves of symmetric or antisymmetric morphisms in 
Hom((£ i /£ i _i) v , fj/fj_i) ® £ v . Thus none of these subquotients has a global 
section. □ 

This proves part (1) of our theorem. 

3. The low height argument for exceptional groups 

Let G denote a semisimple split group over k. Again let P C G be a parabolic 
subgroup, V a principal G-bundle on G and assume that the canonical reduction 
of V is given by a reduction Vp of V to P. 

In order to prove that H°(C,Vp x p Lie(G)/ Lie(P)) = we may assume that 
Vp is actually induced from a Levi subgroup L of P, since as noted in SectionQ]the 
P-module g/p = Lie(G)/ Lie(P) has a filtration uZj C u[ C • • • C g/p such that 
the representations of P on the subquotients factor through P/R U (P) = L. Thus 
from now on we replace Vp by Vl '■— Vp x p L, which is a semistable L-bundlc. 
Since Vp is the canonical reduction of P, the vector bundles Vl x L u iV u i+i nave 
negative degree. To prove the conjecture it is therefore sufficient to show that these 
bundles are semistable. 

Since Vl is semistable, we want to apply [TU], Theorem 3.1, which tells us that 
Vl x l u r/ u i+i i s semistable if the representation of L on u^/uZj is of low height. 

Recall that the height ht(V) of a representation V of a reductive group L is 
defined as follows: Fix a maximal torus T in I. This defines a set of roots $l C 
X*(T). For any root a there is a coroot a v C X*(T), such that the reflection s a is 
given by s a (fl) = /3 - a v )a. 

Choose a Borel subgroup B C G containing T. This defines a set of positive 
roots <3?J and a set of positive simple roots . . . ct s } where s is the semisimple 
rank of L. Then one defines: 

h-ti(V) = max{n£(A)|A is a dominant weight in V}, where 
n L (\)= < A > aV >- 

We want to compute the height of representations of L occurring in Lie(G)/ Lie(L). 
Here we may choose a maximal torus T C L C G. Then <1>J C and we number 
the simple roots ai, . . . a r of G such that a\, . . . a s are the simple roots of L. Note: 
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(1) If A = J2t=i nan with n e Q then n L {\) = 2 Yf l= i n 

(2) Denote by u)\,...uj r the fundamental weights i.e., the dual basis of a/. 
Then for i>swe have nt{u)i) = 0. 

All this follows from J2 a e®+ a ~ Si=i w « (0) Appendice). Thus if we know 
cij,; = n ij a j an( i a weight A = Y^i=i r i a i ^ AT*(T) we can compute rii(A) 

easily. 

In order to prove parts 4,5,6 of the main theorem we just look at the tables for 
the root systems of the exceptional groups in Bourbaki [5], Appendice. 

Given a subset S of the simple roots of G let L$ be the Levi subgroup generated 
by the root subgroups {U± a } a gs and let P be the corresponding parabolic sub- 
group. Then Lie(G) / Lie(P) is the sum of those root spaces u a for which a — ^i a % 
is negative and for some on S S we have fcj < 0. The subquotients of the represen- 
tation are given by the sum over those u a with a = ^2 ^i a i which have the same 
coefficients fe« for Oi G S. 

In order to reduce the amount of necessary computations we observe furthermore 
that we may restrict to the case of maximal parabolic subgroups. (One can either 
see this directly, e.g. using the formulas of for the fundamental weights in [5], or 
apply the result of [3], Corollary 6.4 that the height of a representation does not 

increase when one restricts to Levi subgroups). We set \u>i\ := — J ~ 1 ' J , such that 
(3.1) n L ai ,(}^nai) =2(y"Vj -r k \u)k\)- 

In the following we list the numbers the coefficients of the root giving the high- 
est weight of the representation of maximal height of L ai occurring in Lie(G) / Lie(P) 
and the corresponding riL a . These numbers can be read off the tables in [5]. In 
particular, once \uji\ is known, it is easy to compare the heights of the highest 
weights in the subquotients Uj /uj +1 , so we only list the weight giving the maximal 
height. We will use the same numbering as in [5]. 
Case G — E e : 

(|wi|,...|w 6 |) = (6, y, 6). 

Using the formula 13.11 we find that the roots defining the highest weight of the 
representations of maximal height of L ai are: 

((122321), (112321), (111221), (111111), (112211), (122321)). 

The maximal height of a representation of L ai is thus given by 

(ht iaj )=2-(ll-6,10-y,8-^6-^8-^,ll-6) 

= (10,9,7,5,7,10). 

So we find ht La . < 10. 
Case G = E 7 \ 

(l^l,---M) = (y,7,y,4,5,y,9). 

The roots defining the highest weight of the representations of maximal height of 

((1234321), (1123321), (1112221), (1111111), (1122111), (1223211), (2234321)). 
The maximal height of a representation of L ai is thus given by 

(ht iai ) = 2 • (16 - y, 13 - 7, 10 - y, 7 - 4, 9 - 5, 12 - y, 17 - 9) 
= (16,12,9,6,8,11,16). 
So we find ht/, < 16. 
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Case G = Ea 



_ 23 17 13 9 11 9 29 



The roots defining the highest weight of the representations of maximal height of 
L(%- are i 

((13354321), (11233321), (11122221), (11222221), (11221111), 
(12232111), (23465421), (23465431)). 

The maximal height of a representation of L ai is therefore given by 

oq 17 1 o 11 on 

(ht LQi ) = 2.(22-y,16-y,12-y,13-9,10- y ,13 - 7,27- 9,28 -y) 

= (21,15,11,8,9,12,36,27). 

So we find ht£ Q < 36. 
Case G = F 4 : 

(M,-->4|) = (y,~,|4). 

The roots defining the highest weight of the representations of maximal height of 
L ai are: 

((1342), (1122), (1222), (1231)). 
The maximal height of a representation of L ai is therefore given by 

(ht L J =2-(10-y, 6-5, 7-5,7-4) 
-(9,5,4,6). 

So we find ht ia . < 9. 

Note however that the corresponding bounds for the classical groups are far from 
optimal and even for Gi the above argument excludes characteristic 3, for which 
we give a direct argument in the next section. 

4. The case G = G 2 

The construction of the counterexample for Gi in characteristic 2 will use the 
same analysis as before. We look for stable bundles for some Levi subgroup of 
G2 such that the vector bundles associated to representations in Lie(Ga)/ Lie(L) 
get very unstable i.e., they have negative degree and global sections. We will find 
Frobenius twists of representations of L in Lie(c?2)/ Lie(L) and thus we will look for 
bundles destabilized by Frobenius pull-back. Such bundles were first constructed 
by Raynaud [14] . and then much studied. We will need the following Lemma, in 
which we assume k = ¥2 for simplicity, so that we don't have to distinguish different 
Frobenius morphisms: 

Lemma 6. Let C/F2 be a smooth projective curve of genus g > 1 and denote by 
F : C — > C the Frobenius morphism. Then £ := F^fJp 1 ) is a stable vector bundle 
of rank 2 and deg(£) = 1 - g on C, such that H°(C, F* (£) v <g> det(£) <8 £) ^ 0. 

Proof. The bundle £ := F*(Qq ) is known to be stable by [E], [H] or [H], where 
it is shown that preserves stability. Denote B := F„{Oc)/Oc- Then F*{B) = 



-1 



B® 2 = n c - Now det(£) = det^F*^- 1 )) = det(F*(O c ) <8> F _1 ) = B 
particular deg(£) = 1 — g. Therefore the adjunction morphisms define extensions 

— » B~ x — » F^F^B- 1 ) = £ -> O c -> 

-> O c -> F*(f) = F*F»(fip 1 ) ^> Op 1 -» 0. 

1 _ 

L G 



111 



In particular the composition F*(£) — > Sl^ 1 = F 1 ® dct(f ) — -> £ ® det(f ) defines 



a non-zero global section of F*{£ ) v 5® det £ . □ 
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To proceed we need an explicit description of G 2 . Chevalley [5] constructed 
G 2 C GL7 (resp. G 2 C GL 6 if char(fc) = 2) as the subgroup generated by two copies 
of SL 2 , which are embedded as follows: 

Let W be the 2-dimensional vector space with basis w\, w 2 and denote by 
the second symmetric power of W. Write V — k 7 = W y © © W. The nat- 
ural action of SL2 = SL(W) on V defines a subgroup Z\ C GL(V). The basis 
(1V2 , Wi, wf , W1W2, w±, W2) of V will be a basis of weight vectors for the irre- 
ducible representation of highest weight (2, 1) of G 2 . 

Next define N := kw\ ®kw\ and iV v := kw\®kw\ (i.e., w\ , Wi is the dual basis 
of iuf, wi). The natural action of SL 2 = SL(iV) onfc©A^ v ffifcffiiVffifc defines the 
subgroup Z2 C GL7. With this definition G2 C GL7 is the subgroup generated by 

Zl, Z>2,. 

A maximal torus T — G^ of G2 is given by the product of the tori in Z\, Z 2 , 
which arc embedded into GL7 as diagonal matrices (a, a , a 2 , 1, a~ 2 , a, a -1 ) C Z\ % 
and (1, b, 1, 6, 1) C i?2- In particular each of the Zj together with this torus 
generates a copy of GL 2 C G 2 C GL7. In terms of matrices these representations 
are given as follows. Let A 6 GL 2 = Z\ and B G GL 2 = Z 2 , write A^ 2 ) for the 
symmetric square of a matrix and A c := (° Q ) (? ). Then the images of A, B 

in GL7 are: 

detB" 1 \ 
B c 

1 

B 

\ detB / 

In characteristic 2 we have to replace by the Frobenius twist (i.e., we 
remove kw\W2 from the vector space V) and to replace A^ by A^ — F* A in the 
above formula. Thus in characteristic 2 the Levi subgroups of G 2 C Gl_6 are: 

\ 

B c 

B 

detB / 

The intersection of G 2 with the upper triangular matrices in GL7 (resp. GLg) 
defines a Borel subgroup B of G 2 . We denote the standard parabolic subgroups of 
G 2 by Pi = ZiB which contain Levi subgroups Li := TZi. 

This defines the simple roots ai,a 2 of G 2 . The weights of the representation 
on V will be (2, 1), (1, 1), (1, 0), 0, (-1, 0), (-1, -1), (-2, -1) (and the weight does 
not occur in characteristic 2). 

In particular let q be the Lie algebra given by the block-matrices fixing the 
filtration W w C W v © C V. Since we know the weights of T on V, we see 

that Lie(Pi) = qflLie(G 2 ) and thus the representation of L\ on Lie(G 2 )/ Lie(Pi) is 
a subrepresentation of g[„/q. In characteristic 2 we see from the explicit description 
of L\ above that the latter representation is the direct sum of three 4-dimensional 
representations: W '<S>W^ <8)det(W / )- 1 , (W^) y ®det(W)®W and the representation 
W® 2 . These first two are isomorphic, because (W [2] ) v = W [2] ® det(M /[21 )- 1 and 
det(W^ 2 l) =det(W0 2 . 

The weights of W® 2 are -(4, 2), -(3, 2), -(3, 2), -(2, 2) and the weights of the 
representation W ® ® detiW)^ 1 are -(3, 1), -(2, 1), -(1, 1), -(0, 1). 

The weights occurring in the direct summands of Lie(G 2 )/ Lie(Pi) are —(3,2) 
and -(3,1), -(2,1), -(1,1), -(0,1). 



A' 



A^ det A- 



A 



A c 



AM detA~ 



dct B~ 



A 



BEHREND'S CONJECTURE 



9 



Therefore the representation of L\ on \Ae(G<z)/ Lie(Pi) has to be isomorphic to 
det(VF) © (V0 2 1) V ® det(VF) (g> W (the first summand being a subrepresentation of 
W® 2 ). 

Now any semistable vector bundle £ of rank 2 and deg(£) < on C can be 
considered as an Li-bundle Vl-i- The induced G2-bundle is obtained from a P\- 
bundle, which in turn defines the canonical reduction because the Li-bundle is 
semistable and the degree of Vl ± x Ll Lie(G2)/ Lie(Pi) is negative. 

In particular, taking the bundle £ form Lemma [51 we get a G2-bundle contra- 
dicting Bchrend's conjecture. 

However, if the characteristic of k is not 2 then the second symmetric power 
£( 2 ) of any semistable vector bundle of rank 2 is again semistable, because the 
height of the corresponding representation of GL2 is 2. Thus we see that if the 
canonical reduction is a reduction to Pi then Behrend's conjecture holds. For 
the parabolic subgroup P2 the same argument works in arbitrary characteristic 
because the symmetric square does not appear in the corresponding Lie algebra 
representation. 

This proves parts (2) and (3) of our theorem. 

Remark. The above counterexample to Behrend's conjecture can also be used to 
construct an unstable G2-bundle for which the canonical reduction is only defined 
after an inseparable base extension. To explain this we need to fix some notation: 
Again let £ be the vector bundle constructed in Lemma [H] As above, we denote by 
Vl,i the corresponding L\ = GI-2-bundle, by Vp 1 the induced Pi-bundle and by V 
the induced unstable G2-bundle. 

Since Vl x is stable, Aut(Pij) = G m and therefore Aut(Pp x ) = U x G m , where 
U is a unipotent group, which admits a filtration such that the subquotients are 
additive groups G Q . Finally we have Aut(Ppj) C Aut(P). As explained in Section 
[T] the map Bunpj — > Bunc 2 (which maps a Pi-bundle to the induced G2-bundlc) 
is radiciel at Vp 1 i.e., the map PAut(Pp 1 ) —> PAut(P) is radiciel (we denote by 
BG the stack of G-torsors). The fiber of this map over the trivial Aut(P)-bundlc 
is isomorphic to Aut(P)/ Aut(Pp x ) and since the morphism is radiciel this must 
be zero-dimensional. Therefore Aut(P) ro d — Aut(Pp x ). We claim that Aut(P) = 
Aut(Ppj) k Q!2, where 02 = Spec(fc[t]/i 2 ) is the infinitesimal additive group scheme. 
Before indicating a proof of this claim, let us use this to construct the instable G%- 
bundle we are looking for. Any a2-torsor S' — > S = Spec(fc(i)) defines a bundle 
V p := V x Q2 S' over C x S, which corresponds to the composition 

S Ba 2 -> PAut(P) -» Bun G2 . 

Now if the canonical reduction of V v were defined over S this would imply that 
we could lift p to PAut (PpJ C Bunpj. However H 1 (S, Aut(PpJ) = and since 
Aut(P) is a semidirect product the map P 1 (S', a%) <—> P 1 (S', Aut(P)) is injective. 
Thus, the canonical reduction is not defined over S. 

Finally, to compute Aut(P) we use the embedding p : G2 — > GL 6 once more. 
Let £ p be the rank 6 vector bundle induced from V. The explicit description of 
L\ = GL2 C GLg allows us to depict the automorphisms of £ p by matrices with 
entries in homomorphism groups: 

/ End(5 v ) Hom(P*£ ®B,£ y ) Hom(£,r) 

Hom(£ v ,F*£®B) End(P*£ <g> P) Hom(£, F* {£) ® B) 
\ Hom(f v ,£:) Hom(P*£ ® B,£) End(f) 

Denote by Aut(£ Pi fii t ) the upper block matrices in the above description. Since 
Pi = Li ■ B we have an embedding Aut(P)/ Aut(P Pl ) -» Aut(£ p )/ Aut(f Pifi i t ). 
Furthermore Aut(£ p )/ Aut(^, filt ) = Hom(£: v , F*{£) ® B) © Hom(P*(£:) ® B~\ £). 
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Note that £ was defined as an extension B^ 1 — > £ — > Oc, so the bundle "Ppi 
has a reduction to £?, in particular £ p has a natural full flag of subbundlcs £ p , % . 
Now, choosing a trivialization of £ at the generic point of C we can describe the 
automorphisms of V by a subgroup of Ga(A;(C)) C GLg(fc(C)). From the above 
description of Aut(£ p ) it is not difficult to calculate the intersection of the the root 
subgroups of G2(k(C)) and Aut(£ p ). The only nontrivial intersection is obtained 
from the subgroup Ur-2,-1) of G2, which is given by the matrices of the form 





1 














\ 







1 






















1 
















ft 





1 
















a 





1 





V 


a 2 














1 / 



The intersection J7(_ 2 ,-i)(&(C)) n Aut(£ p ) is isomorphic to a-i and it is generated 
by the non-zero element in Hom(F*(£) (g) B,£), constructed in LemmaEl 
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